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2. Brane Topological Field Theory 



1. Introduction 

We expand Topological Field Theory of [5], [12] on some special CW-complexes (brane 
complexes). This Brane Topological Field Theory extends the Open Topological Field 
Theory from [3] , PD| . [H ■ For arbitrary two-dimension brane complexes the Brane Topo- 
logical Field Theory is the "open part" of Cyclic Foam Topological Field Theory from 
[TT] . We prove that the Brane Topological Field Theory one-to-one corresponds to infinite 
dimensional Frobenius Algebras, graduated by CW-complexes of lesser dimension. 

We define general and regular Hurwitz numbers of brane complexes and prove that they 
generate Brane Topological Field Theories. For general Hurwitz numbers corresponding 
algebra is an algebra of coverings of lesser dimension. For regular Hurwitz numbers the 
Frobenius algebra is an algebra of families of subgroups of finite groups. 

> 
On 

■ 2.1. Simple CW-complexes. A finite compact CW-complex is said to be simple if 

• it is the closure of theirs cells of maximal dimension; 

• the closure of any cell is a closed ball. 

Q\ ', An isomorphism between simple CW-complexes is a homeomorphism conserving theirs 
cell structures. Zero-dimensional cells are called vertexes. Denote by Qj, the set of all 
vertexes of Q. 

Denote by \M\ the cardinality of a set M. Following by Smith and Dold (see also [6]) 
we define d-brunched covering as a continuous map h : X — > Y between two Hausdorff 
spaces and a continuous map t : Y —> Sym d (X) such that: 1) x G th(x) for all x G X, 2) 
Sym d (h)(ty) = dy for all y G Y. We say that a (i-brunched covering is finite if Y assume 
a CW-complex structure such that the function \h^ x {y)\ is constant on any cell. 

Lemma 2.1. Any simple CW-complexes has a finite brunched covering over a ball. 

Proof. Let Q be a simple CW-complex with vertexes {qk\k G K}. Consider a ball B 
and k different points {bk G dB\k G K}. Then there exists a finite number isomorphic 
classes of simple CW-complexes with vertexes {bk\k G K} that form a stratification of B. 
Consider a set {B^i G J} of representatives of theirs isomorphic classes. 

Let G J} be the set of closing of dim f2-dimensional cells Uj C Q. Then for any 

j G J there exists an isomorphism of simple CW-complexes hj : Qj — > B^ . Gluing now 
the manifolds G J} along its boundary by maps hj, using the same rules that 
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manifolds {ftj\j G J} form ft. Then we get a simple CW-complex ft that isomorphic to 
ft. The maps hj generate a finite branching covering h : ft — ► £>. 
□ 

Theorem 2.1. ^4 H aus dor ff space ft has a stratification, generating a simple CW-complex 
if and only if there exists its finite branching covering over a ball h : ft — > B. 

Proof. Let h : ft — > 5 be a finite branching covering. Construct a stratification of 
onto cells, such that, the functions is constant on any cell. Preimages of these 

cells form a structure of simple CW-complex on ft. The inverse affirmation follows from 
lemma I2TT1 

□ 

2.2. Brane complexes. A simple CW-complex is said to be oriented if all cells of pos- 
itive dimensional are oriented. Fix a set S of colors. An oriented complex ft is called 
colored complex if a color s(l) G S is assigned to any its cell I of positive dimension, and 
for any connected component of ft any two celles of the same dimension have different 
colors. An isomorphism between colored complexes is an isomorphism between simple 
CW-complexes, conserving the orientations and the colors of cells. 

A system of cyclic orders on vertexes of connected components of a oriented complex 
ft is called a cyclic order on ft. A colored complex with a cyclic order is called cyclic 
complex. 

A connected subcomplex 7 C ft of codimension 1 into cyclic complex ft is called a cut 

if: 

• the restriction of 7 to any closed cell of uj G ft either is empty, or homeomorphic 
to closed ball of codimension 1 in u\ 

• 7 divides a connected component of ft into two connected components that splits 
its vertices into two nonempty groups, compatible with the cyclic order on ft. 

A cyclic complex is called a brane complex, if for any compatible with the cyclic order 
division of vertexes ft there exists a cut that realize it. 

The structure of CW-complex on ft forms a structure of CW-complex on any its cut. 
A cut a q , dividing a vertex q from other vertexes, is called vertex complex. It separates 
a neighborhood U q of q, that is a cone over a q . Any cell o G a q divides an oriented cell 
uj G ft. Equip a by orientation, as a boundary of connected component of uj\a that don't 
contain q. The colore structure on ft generate a colore structure on a q . Thus, a brane 
complex generates a structure of connected colored complexes on its vertex complexes. 

2.3. Topological Field Theory. Below we assume that all vector spaces are defined 
over a field K D Q. Let {X m \m G M} be a finite set of n = \M\ vector spaces X m over 
the field of complex numbers C. The action of the symmetric group S n on {1, . . . ,n} 
induces its action on the sum of the vector spaces (®aX a (i) ® ■ • ■ <g> A CT ( n )) , where a runs 
over the bijections {l,...,n} — * M, an element s G S n takes X a m <8) • • ■ <8> X a ( n \ to 
Kauri.)) <S> • ■ ■ ® X a ( s (n\) ■ Denote by ® ro6 M^ ro the subspace of all invariants of this action. 
The vector space ® m eMX m is canonically isomorphic to the tensor product of all X m in 
any fixed order; the isomorphism is the projection of ®m£MX m to the summand that is 
equal to the tensor product of X m in that order. 

Denote by £ = S(-D, S) the set of all isomorphism classes of D-dimensional connected 
colored complexes. The inversion of the orientations generates the involution * : S — > E. 
Denote it by a 1— > a*. 
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Consider a family of finite-dimensional vector spaces {B a \a G S} and a family of tensors 
{K® G B a ®B a * \a G £}. Using these data, we define now a functor V from the monoidal 
category S of (D + l)-dimensional brane complexes to the category of vector spaces. 
This functor assigns the vector space Vq = (® qe n b B q ) to any (D + l)-dimensional brane 
complex Q. Here B q is the copy of B aq that is a vector space with a fixed isomorphism 
B q — > B CTq . 

We are going to describe all morphisms of the monoidal category S and morphisms of 
the category of vector spaces that correspond to it. 

(1) Isomorphism. Define an isomorphism of brane complexes as an isomor- 
phism : Q — > Q' of colored complexes, preserving the cyclic orders. Define 
V(4>) — 4>* '■ Vq — > Vn> as linear operator generated by the bijections 4>\n b : fi& — > 

(2) CW. Let f2 be a connected brane complex and 7 C Q be a cut. The cut 7 is 
represented by two complexes 7+ and 7_ on the closure fl \ 7 of Q \ 7 . Contract these 
complexes to points q + = q+[j] and g_ = ^-[7], respectively. The contraction produces 
a brane complex Q' = ^[7]. Its vertices Q' = Q[y] are the vertices of Q and the points 
q + , g_. The cyclic order, orientation and the coloring of Q induce an orientation and a 
coloring of Q'. Thus, we can assume that Q' is a brane complex and Vh' = Vh <8> B q+ <g> B q . 
The functor takes the morphism V(r))(x) — 77* (x) = x ® Kf, where er = a q+ = a*_ , to the 
morphism 77 : f2 — > Q'. 

(3) The tensor product in 5 defined by the disjoint union of brane complexes 
Q' <S> Q" — > fi' 1J ^" induces the tensor product of vector spaces : Vh' <E> Vh" — > Vh'un". 

The functorial properties of V can be easily verified. 

Fix a tuple of vector spaces and vectors {B a ,Kf G B a ® £>cr*|a" G £}, defining the 
functor V. A family of linear forms T = : Vh — > K} defined for all brane complexes 
f2 G 5 is called a Brane Topological Field Theory if it satisfies the following axioms: 

1° Topological invariance. 

<S>n>((f)*( x )) = $n{x) 
for any isomorphism : Q — > of brane complexes. 

2° Non-degeneracy. 

Let f2 be a brane complex with only two vertices 51, g 2 - Then a q2 = a* if <r gi = a. 
Denote by (., .) a the bilinear form (., .) a : B a x £> CT » — > K, where (x',x") a = $ci(x' qi <S>x'g 2 ). 
Axiom 2° asserts that the forms (., .) a are non-degenerated for all er G S. 

3° Cut invariance. 

for any cut morphism 77 : f2 — > f2' of brane complexes. 

4° Multiplicativity. 

$ n (0.(arW)) = M* , )$n"OO 
for = ft' [J a;' G Vh', x" G Vh". 
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Note that a Topological Field Theory defines the tensors {K® G B a ® B a *\o G E}, 
since it is not difficult to prove: 

Lemma 2.2. Let be a Brane Topological Field Theory. Then 

(K®, xi <g> x 2 ) a = (xi,x 2 )a, for all x 1 G B a , x 2 G B a * . 

Remark 2.1. Brane complexes with single cell of higher dimensional form subcategory 
into the subcategory (ball category) of brane complexes. Thus, we can consider a restriction 
Brane Topological Field Theory on ball category. 

3. Colored Frobenius Algebras 

3.1. Algebra. We say that a connected brane complex Q is a compatible complex for 
connected colored complexes 0i,0 2 , ■ ■-,cr n if are vertex of Q and the numeration of 
{o-j} generates the cyclic order on Q. Denote by 0(oi, 2 , cr n ) the set of all isomorphism 
classes of compatible complexes for <7i, 2 , a n . Then fl(a\, a 2 , a n ) is either empty or 
consists of a single element. 

Let fi(<7i, 2 , a 3i 04) 7^ 0- Then there exist unique classes of cuts 0(1,^3,4), 074,112,3) £ ^ 

SUCh that ^(cri, 02, 0"(l,2j3,4)) 7^ 0, ^(<7(3,4[1,2), 03, 04) 7^ 0, ^(0"4,CTl,CT(4,l|2,3)) 7^ 0, 
^(C(4,l|2,3) 5 °"2, ^3) 7^ an d °"(3,4|1,2) = ^(1,213,4) ' a (2,3|4,l) = 0*4^2,3) ■ 

Consider a tuple of finite dimensional vector spaces {B a \a G £}. Its direct sum 
B± = ©^£2 B a is called a colored vector space. A colored vector space with a bilin- 
ear form (., .) : B± x B* — > K and a tree-linear form (., ., .) : B± x B* x B* — > K is called 
a Colored Frobenius Algebra if 

• the form (., .) is not-degenerate; 

• (B ai ,B a2 ) = for cti ^ a*; 

• (B ai ,B a2 , B az ) = for cr 2 , 0-3) = 

. V (t <r ^(l,2|3,4)x j^ij ,,(3,4|1,2) \ /_ _ ft (4,1|2,3) x pij /,(2,3|4,1) \ 

• Z^ijl^l'^, Oj K(l,2|3,4)l°i , a?3> ^4j — Zui,j\ X ^i X li °i K(4,l|2,3) l°j ,^2,^3j- 

Here G 5^, {^ s ' i l /c,r )} i s a basis of B a(st ^ kr) and F^ t , k s is the inverse matrix for 

^(«,t|fc,r) ^(fc,r|s,t)^ 

We will consider 5* as an algebra with the multiplica- 
tion (xix 2 ,x 3 ) = (xi,x 2 ,x 3 ), for Xk G B ak . The axiom 

V frr -v iMM)^ /,(3,4|1,2) ^ N _ v /_ _ l(4,1|2,3)x pij ,,(2,3|4,1) _\ 

Z^ijV^l)^,^ K(l,2|3,4)l°j ,^3,a;4j - 2^i,j [ x 4, x l,°i K(4,l|2,3) ( -°i ' X ^ Xz > 

is equivalent to associativity for the algebra B*. Moreover B* is a Frobenius Algebra in 
the sense of [7j if its dimension is finite. 

3.2. Topology-algebra correspondence. 

Theorem 3.1. Let T — {<3>n : Vq — > K} be a Brane Topological Field Theory on a tuple 
of finite-dimensional vector spaces {B a \a G £}. Then the poli-linear forms 

• {x',x") = $n(«n,os)(a4 ® x g 2 )' w/ * ere x ' G x " G B <™ 

• {x',x",x'") = <5>n(* u a 2 ,a 3 ){x f qi ® x'^ ® x'^) , sde x' G B ai , x" G B U2 , x'" G B C3 . 
generate a structure of Colored Frobenius Algebra on B+ = © CTgS B a . 

Proof. Only the last axiom is not obvious. Let us consider a brane 

complex Q G ^(01, a 2 , 03, 04), and a cut between the pairs of vertexes 

0i, a 2 and 03,04. Then the cut-invariant axiom and lemma 12.21 give 
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£< ; (.n- x 2 , 6? ' 2|M) )^ 2|3 4bf^ 2 \x 3 , x 4 ) = «I.„(,,. z 2 , ,,). Similarly, 

£<>4, *i, t ll2 ' 3) )FU 3) (bf^\x 2 , x 3 ) = ^(x u x 2 , x s , x 4 ) 
□ 

Theorem 3.2. Let B+ = ©^g^ B a be a Colored Frobenius Algebra with poli-linear forms 
(.,.) and (.,.,.)• Then it generates a Brane Topological Field Theory on {B a \a G £} by 
means of following construction. Fix a basis {b? } of any vector space B a , uGE. Consider 
the matrix F % J that is the inverse matrix for F^ = b? ). Define the linear functionals 
for any connected brane complexes by 

P?2 (l^a ™4 LS3\ pin-i (lfn-4 n-2 }Sn-3 \ I lfn-3 n-l n\ 

»2J2^ • ja' 94' 13/ in-4i™-4V ' ^gn-2' / in-3jn-3 \ U jn-3 ' ?n-l' ^?n/' 

where x l q . G -B CTj . 

TTien i/ie family {$n(o-i,o- 2 -..,°-„)} generates a Brane Topological Field Theory. 

Proof. The topological invariance follows from the invariance under cyclic renumbering 
the vertices of fl The invariance under the renumbering g« t— > g 3 ; j = i + l(mod2) follows 
from the last axiom for the tree-linear form. The cut invariance follows directly from the 
definition of $ if we renumber the vertices marking the cut divide the vertices qi, g 2 , ■■■Qk 
and q k+ i,q k+2 , ...g n . 

□ 

These two theorems determine the one-to-one correspondence between Brane Topolog- 
ical Field Theories and isomorphic classes of Colored Frobenius Algebras. 

4. HURWITZ NUMBERS OF COLORED COMPLEXES 

4.1. Hurwitz numbers. Classical Hurwitz numbers are weighted number of brunched 
coverings over closed surface with prescribed types of critical values [8]. Let us define 
some analog of Hurwitz numbers for brane complexes. 

A brunched covering between simple CW-complexes / : fl — > fl is called simple covering 
of degree d or simple d-covering it is a local homeomorphism on any cell, preimage of any 
cell consists of unions of cells, and the number of cells from preimage is d for any cell of 
higher dimension. Simple coverings /' : fl' — > fl and /" : fl n — > fl are called isomorphic 
if there exists an isomorphism cp : fl' — > fl" such that /' = /"£>. Denote by Aut(/) the 
automorphisms group of a simple covering /. 

Let fl' and fl" colored complexes. Simple coverings /' : fl' — > fl' and /" : fl" — > fl" 
are called equivalent if there exists isomorphisms ip : fl' — > fl" and <p : fl' — > fl" such 
that <pf = ftp. Denote by Tq the set of equivalent classes of simple ^-coverings over a 
colored complex fl. 

A simple <i-covering / : fl — > fl over a brane complex fl generate a simple (^-covering 
/ g : fl g — » a q over the vertex complex a q of a vertex q. The equivalence class of f q is called 
a local invariant of / at g. Consider a set {f3 q } = {[3 q G T^Jg G fib}- Denote by Tq({/3 9 }) 

the set of isomorphic classes of simple G?-coverings / : fl — > fl with local invariants / 9 = /3 g 
for all vertexes q & fib- The weighted number of simple (i-covering 

ff d (fl,{&}) = £ l/|Aut(/)| 

/eT^({/3 9 }) 

is called Hurwitz number of simple d-coverings 
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4.2. Hurwitz Brane Topological Field Theory. For any a G £ = E(D,S), de- 
note by C d the vector space generated by the set T d . The involution a \— > a* gener- 
ates the involution C d i— > C d « . Hurwitz numbers generate a family of linear functions 
7i d = {$q : Vq — > K} on {Vq = (^Qe^Cf)}, depending from brane complexes fl. 

Theorem 4.1. 7i d is a Brane Topological Field Theory. 

Proof. It is not evident only the cut-invariant axiom. Fix a cut a C fl G f2(o"i, ...,a m ) 
and a covering /3 G T^. Let fi \ o = fl + U f2_. Put f2+ = fi + U cr + G 0(cti, a k , a) 
and = fl + U a + G a fc+1 , o" m ). The simple covering / : fl — > fl generates the 
simple coverings f± : (fl± U / _1 (cr)±)) — > f2±, where fl± = f~ 1 (fl±). Consider the set 
M^(/3i, ...,/3 m ) of simple coverings / : — > fl, such that local invariants of / at vertexes 
of fl are Pi and the covering /+|/-i( CT ) + is equivalent to (3. 

The coverings from Mq(P\, /3 m ) are coverings that appear from cov- 
erings /+ : U /"»+)) - ^+ and /_ : U /~V)-)) - H_ 

by gluing according to an equivalence f+\f- 1 {a) + ~* /-l/- 1 ^). • More- 
over, different equivalences i+|/-i( CT ) + ~~ * /-l/^O)- generate isomorphic 
coverings if one of it appear from other by automorphisms of /+ and 

/_. Thus, S/ e M^(/3i,...,/3 ra ) | Aut(/)| = J2f + er^ (p 1 ,...A,p)j-er^_(i3,Pk+i,-,M 

I Aut(/3)| _ v- 1 I Antral V 1 

|Aut(/ + )||Aut(/_)| - l^f+erft (flu^fo,/?) |Aut(/+)| I rtU HPJI Z^/_6T^_(/3,/3 fc+1 ,...,/3 m ) |Aut(/_)|" 

Therefore H d (fl, {(3 1} ...f3 m }) = E/seT| E/eM^KA,...,/^) wkfft 

J2 peT , H(fl + , {pi, ...p k , P})\Aut(P)\H(fl_, {P, P k+1 , ...p m }). Moreover 

tf(n>{fl7}) = T&. 

□ 

It is follow from theorem 13. II that the theory H d generates a Colored Frobenius Algebra 
C d . It defines a multiplication between isomorphic classes of simple (i-coverings of colored 
complexes. Theorem 13.21 gives a formula for calculation of Hurwitz numbers of simple 
coverings in terms of these algebra. The algebra C d is an hight dimensional analog of the 
algebra bi-party graphs from [2j [3j. Algebra C} is an algebra of brane complexes. 



5. Group foam 

5.1. Hurwitz numbers of G-coverings. Fix a finite group G. A homomorphism 
G — ► Aut(f2) to the group of automorphism of simple CW-complex fl is called a G- 
action on fl, if the set of fixed points of any g G G is sum of some full cell of fl. For 
brevity we shall identify elements of G and its images in Aut(f2). 

We say that a map / : fl — > fl between CW-complexes is G-covering if / = /*r, 
where r : fl — > fl/G is the natural projection by some G-action and /* : fl/G — > ft is an 
isomorphism. G-coverings /' : fl' — > fl and /" : ft" — > fl are called isomorphic, if there 
exists an isomorphism <p : £7' — > £7" such that y?g = <7</?, for g G G, and /' = /"^. Denote 
by Aut G (/) the automorphisms group of a G-covering /. 

Let ft' and ft" colored complexes. G-coverings f : ft' — > ft' and /" : ft" — ► fl" are 
called equivalent, if there exists isomorphisms <£> : fl' — > ft" and </? : fl' — > fl" such that 
tpg = g<p, for g & G, and </?/' = /"£>. Denote by the set of equivalent classes of 
G-coverings over a colored complex fl. 
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A G-covering / : — > over a brane complex generates a G-covering f q : £l q — > a q 
over the vertex complex a q of a vertex g. The equivalence class of f q is called a /oca/ 
invariant of / at g. Consider a set {/3 q } = {f3 q G T^Jg G f^}. Denote by the 

set of isomorphic classes of G-coverings / : ft — > with local invariants / 9 = (3 q for all 
vertexes g G f2&. The weighted number of G-covering 

H G (n,{f3 q })= £ V|Aut G (/)| 

/eTg({/3 9 }) 

is called Hurwitz Number of G- coverings 

5.2. Brane Topological Field Theory of G-coverings. For any a G E = E(£>, £), 
denote by G^ the vector space generated by the set T^. The involution a i— > a* gener- 
ates the involution C G i— > G^,. Hurwitz numbers generate a family of linear functions 
7i G = {$n : Vq, — > K} on {Vq = (®qe^f,C^)}) depending from brane complexes f2. By 
repeating the proof of theorem 14.11 we obtain 

Theorem 5.1. 7i G is a Brane Topological Field Theory. 

It is follow from theorem 15.11 that Ti G generates a Colored Frobenius Algebra C G (G- 
foam). It is obviously that its isomorphic class depends only on G and \S\. Thus, G-foams 
are invariants of G that describe the family of subgroups of G. The restriction of G-foam 
on the category of 2-dimensional disks (see remark [2TT1 ) were consider in [3|. The algebra 
C G coincides with the algebra G^ from previous section, if G is the symmetrical group 
S d . 
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